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ABSTRACT
Asymmetric beams can create significant bias in estimates of the power spectra from CMB
experiments. With the temperature power spectrum many orders of magnitude stronger than
the B-mode power spectrum any systematic error that couples the two must be carefully con-
trolled and/or removed. Here, we derive unbiased estimators for the CMB temperature and
polarisation power spectra taking into account general beams and general scan strategies. A
simple consequence of asymmetric beams is that, even with an ideal scan strategy where every
sky pixel is seen at every orientation, there will be residual coupling from temperature power
to B-mode power if the orientation of the beam asymmetry is not aligned with the orientation
of the co-polarisation. We test our correction algorithm on simulations of two temperature-
only experiments and demonstrate that it is unbiased. The simulated experiments use realistic
scan strategies, noise levels and highly asymmetric beams. We also develop a map-making
algorithm that is capable of removing beam asymmetry bias at the map level. We demonstrate
its implementation using simulations and show that it is capable of accurately correcting both
temperature and polarisation maps for all of the effects of beam asymmetry including the
effects of temperature to polarisation leakage.
Key words: methods: data analysis - methods: statistical - cosmology: cosmic microwave
back-ground - cosmology: large-scale structure of Universe
1 INTRODUCTION
The cosmic microwave background (CMB) has proved to be an
incredibly useful tool for testing cosmological models. The CMB
two-point correlation functions, or alternatively in Fourier space
the power spectra, of the temperature and polarisation fluctuations
are of particular interest. There has been a wealth of experiments
which have been successful at characterising the CMB power spec-
tra and these observations are consistent with the standard ΛCDM
cosmological model (see e.g. Planck Collaboration et al. 2013c).
The temperature power spectrum is now extremely well charac-
terised (Planck Collaboration et al. 2013a) and ongoing and future
experiments will focus on characterising the polarization more ac-
curately.
The polarisation of the CMB, being a spin-2 field, can be
decomposed into curl-free (E-mode) and gradient-free (B-mode)
components. E-modes have been successfully detected and char-
acterised, and have helped to constrain cosmology (Kovac et al.
2002; Readhead et al. 2004; Montroy et al. 2006; Brown et al.
2009; Chiang et al. 2010; QUIET Collaboration et al. 2012). The
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fainter B-mode signal presents a much greater challenge for ex-
perimentalists, though the first tentative detections of B-mode po-
larization on small scales are now being made through cross-
correlations (Hanson et al. 2013; Polarbear Collaboration et al.
2013).
The E-mode power spectrum is approximately two orders of
magnitude fainter than the temperature power spectrum while the
B-mode power spectrum is expected to be at least 2 orders of mag-
nitude fainter still (Challinor 2013). This means that in any experi-
ment aimed at detecting B-modes, systematic effects that could po-
tentially couple the temperature or E-mode signal to the B-mode
power spectrum must be strictly controlled. One source of poten-
tial error is an asymmetric optical response function (i.e. the exper-
imental beam). During the data analysis for CMB experiments, one
often assumes that the beam is axisymmetric so that its effect is to
simply (and isotropically) smooth the sky. This assumption can re-
sult in a bias in subsequent power spectrum estimates if, as is often
the case in reality, the beam is not perfectly axisymmetric.
At present this has not been crucial in extracting CMB power
spectra, but with increased sensitivity of instruments, this bias will
be important for future experiments. Currently there are three ap-
proaches in the literature that attempt to deal with this effect. The
c© 2014 RAS
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first is simply to quantify the systematic error on the cosmologi-
cal parameters caused by the asymmetry and be satisfied that they
are below the statistical uncertainty. This can be done by simu-
lating an experiment’s full beam response (Mitra et al. 2011) and
propagating the error (Planck Collaboration et al. 2013b). This ap-
proach is effective as the error in the maps can be estimated. In
their analysis the Planck team accounted for the effects of beam
asymmetry by finding the most suitable axisymmetric effective
beam transfer function to deconvolve the recovered power spec-
trum. Any further asymmetry bias was shown to have little to
no effect on the science (Planck Collaboration et al. 2013a). The
second method investigated attempts a full deconvolution of the
Time Ordered Data (TOD) from a CMB experiment to remove the
effect completely (Wandelt & Go´rski 2001; Challinor et al. 2000;
Keiha¨nen & Reinecke 2012). The results of this method are encour-
aging but it is not able to deal with certain unavoidable real-world
complications. In particular when noise is added to the TOD the
deconvolution no longer works for high multipoles. In addition, the
deconvolution only works if the experiment observes the entire sky.
This is not a significant problem for satellite-based experiments but
for ground- or balloon-based experiments this will obviously not
be the case.
A third approach is to calculate, and subsequently correct
for, the asymmetry bias on the measured pseudo-Cℓ in an ex-
periment (Ramamonjisoa et al. 2013; Souradeep et al. 2006). As
presently formulated this is unable to deal with a cut sky without
apodising the azimuthal dependence of the mask. This in turn re-
sults in a reduction of the cosmological information content of the
TOD which is something that we would like to avoid. In addition,
these authors assume that each sky pixel is seen in a single orien-
tation only, whereas, in general, experiments will observe each sky
pixel in a number of different orientations.
In this paper, we present two methods to remove the effect
of asymmetry bias. The first is an algorithm to recover the CMB
power spectra using the pseudo-Cℓ approach. We make no assump-
tions about the beam or the scan strategy in developing unbiased
estimators for the underlying CMB temperature and polarisation
power spectra. We also show that noise can be easily accommo-
dated. The pseudo-Cℓ estimator that we propose is based on a cal-
culation similar to one presented in Hanson, Lewis, & Challinor
(2010). Here, we extend the analysis to polarisation and demon-
strate its implementation on simulated temperature-only experi-
ments. Since the estimator works directly on the time ordered data
(TOD), it is sub-optimal for polarization experiments that do not
directly measure both Q and U Stokes parameters in the timeline
(e.g. via detector differencing). For such experiments, the estima-
tor will perform the decomposition into Q and U at the level of the
power spectrum which will contribute to the statistical error. How-
ever, this estimator is well suited to an experiment such as Planck
which has both instrument-Q and instrument-U detector pairs on
its focal plane.
In addition to the pseudo-Cℓ approach, we present a new map-
making algorithm that is capable of making temperature and polar-
isation maps cleaned of asymmetry bias. The map-making algo-
rithm produces maps containing the sky signal smoothed with just
the axisymmetric components of the beam and noise. Note that this
map-making scheme requires a suitable scan strategy — in general,
the more complex the beam asymmetry is, the more redundancy
(in terms of polarization angle covereage) is required in the scan
strategy. For the asymmetric beams that we have investigated in
this paper, the scan strategy requirements are fully met by scanning
modes proposed for future CMB satellite experiments such as those
described in Bock et al. (2009).
Removing the asymmetry at the map level has two main ben-
efits. Firstly, in contrast to the case of the pseudo-Cℓ approach, the
polarisation power spectrum estimator error bars are not affected by
the sample variance of the temperature power spectrum. Secondly,
the resulting bias-free temperature and polarisation maps can also
be used for science other than power spectrum estimation. Fore-
grounds can be removed after the map-making has been performed
meaning that current component separation techniques can be ap-
plied.
The paper is organized as follows. We begin in Section 2
where we present some basic definitions and develop the mathe-
matical formalism on which our algorithms are based. In Section 3,
we present the pseudo-Cℓ based approach to correcting for beam
asymmetry. Section 4 discusses the potential impact of beam asym-
metries on CMB polarization experiments, if they are left uncor-
rected. In Section 5, we present a technique to correct for the effects
of beam asymmetry in the map domain. Section 6 discusses some
details of the decomposition of the beam which is required for both
of our approaches. We demonstrate our techniques on simulations
in Sections 7 & 8 and our conclusions are presented in Section 9.
2 BASIC DEFINITIONS AND PRELIMINARIES
Our objective is to construct estimators for the temperature and po-
larisation fluctuation power spectra given a TOD. We assume that
any non-astrophysical signals in the TOD have been flagged and,
for the pseudo-Cℓ approach, that foregrounds have been removed
and/or masked. We consider an asymmetric beam and a general
scan strategy. We begin by defining some relevant quantities.
The CMB temperature and polarisation fluctuations,
∆T (θ, φ), Q(θ, φ) and U(θ, φ), can be decomposed into spin-
weighted spherical harmonics
a0ℓm =
∫
dΩ 0Y
∗
ℓm(Ω)∆T (Ω) and (1)
a±2ℓm =
∫
dΩ±2Y
∗
ℓm(Ω)[Q(Ω) ∓ iU(Ω)], (2)
where sYℓm are the spin weighted spherical harmonics. The tem-
perature, E-mode and B-mode harmonic coefficients are related to
these by
aTℓm = a0ℓm, (3)
aEℓm = −
1
2
(a2ℓm + a−2ℓm) , (4)
aBℓm = −
1
2i
(a2ℓm − a−2ℓm) . (5)
We are interested in obtaining unbiased estimates for the power and
cross spectra of the CMB defined as
CXYℓ =
1
2ℓ+ 1
ℓ∑
m=−ℓ
aXℓma
Y ∗
ℓm, (6)
where X,Y={T, E,B}.
The response of a telescope to the Stokes parameters on the
sky (T,Q,U) can be described by some response (beam) functions
(T˜ , Q˜, U˜). The total detected power is
W ∝
∫
(T T˜ +QQ˜+ UU˜)dΩ. (7)
For details of how polarised detectors respond to the CMB see
c© 2014 RAS, MNRAS 000, 1–18
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Challinor et al. (2000). One element of the TOD is then this power
W integrated over the time interval between two samples. We de-
fine the spin weighted spherical harmonic transforms of the beam
to be
b0ℓk =
∫
dΩ 0Y
∗
ℓk(Ω)T˜ (Ω) and (8)
b±2ℓk =
∫
dΩ±2Y
∗
ℓk(Ω)[Q˜(Ω)∓ iU˜(Ω)], (9)
when the beam is pointing in the z-direction in a fiducial orientation
such that the co-polarisation is aligned with the y-direction. Note
that this formalism can describe all aspects of a detector’s response
function. For example, we can include both the asymmetry of the
beam and any cross-polarisation response. This will allow us to
remove any bias that these beam imperfections would impart on
the estimated power spectra.
We truncate our expansion of both the beam and the sky at
some maximum multipole, ℓmax. We also cap the expansion of the
beam in k at some maximum value, kmax. This is a reasonable ap-
proximation to make as beam response functions are typically close
to axisymmetric. In Section 6 we will examine this assumption for
some specific cases. The beam is then rotated around the sky in a
scan to measure the CMB. We describe this rotation using Euler
angles ω=[φ, θ, ψ]. This is really three active rotations. They are
active as the beam moves with respect to the coordinate system.
The following series of steps describe how to rotate the beam from
the fiducial orientation to the orientation described by ω, all rota-
tions being perfomed anticlockwise when looking down the axis by
which they are defined.
(i) The beam is rotated around the z axis by ψ.
(ii) The beam is rotated by θ around the y axis.
(iii) The beam is rotated around the z axis again by φ.
The Wigner D-matrix, Dℓmk(ω), performs the required ro-
tations on the spherical harmonic decomposition of a function.
Therefore we can write one element of the TOD (tj) as
tj =
∑
sℓmk
Dℓ∗mk(ωj)b
∗
sℓkasℓm. (10)
For simplicity, in this paper, we only write the index which is
being summed over and not the ranges. For the rest of this pa-
per one should assume ℓ ranges from 0 to ℓmax, m from −ℓ to
ℓ and s=0,±2. The index k ranges from −kmax to kmax, unless
ℓ < kmax, in which case the range is the same as for m.
Before we can go further we must define some more mathe-
matical constructs. The first is the “hit cube”, W (ω)≡
∑
j
δ(ω −
ωj), which describes which sky positions the experiment has ob-
served, and in which orientations. W (ω) is defined on the space
running from 0 to π in θ and from 0 to 2π in both φ and ψ. The
infinitesimal volume element of this space d3ω=sin θdθ dφ dψ.
The convolution of the sky with the beam t(ω) is a continuous
function which we only have limited knowledge of. The knowledge
we have is dictated by the scan strategy, or in this formalism the hit
cube. Formally we have
t(ω) =
∑
sℓmk
Dℓ∗mk(ω)b
∗
sℓkasℓm, (11)
t˜(ω) = W (ω)t(ω). (12)
t˜(ω) is a function which contains all of the astrophysical informa-
tion present in the experiment. It is simply a rewriting of the TOD,
where each element is decribed by a δ-function at the relevant ori-
entation ω.
The Wigner D-matrices provide a complete orthogonal basis
for this space, so we use them to decompose both the TOD and the
hit cube as
T ℓ∗mk =
∫
d3ωDℓmk(ω)t˜(ω)n(ω) and (13)
wℓmk =
2ℓ+ 1
8π2
∫
d3ωDℓ∗mk(ω)W (ω)n(ω). (14)
Here, we have introduced the weighting function n(ω), which
ranges from 0 to 1. We use this function to down-weight noisy pix-
els, apply a foreground mask and/or apodise the hit cube so that is
can be described well within our expansion. 1 We use the prefactor
in equation (14) to correctly normalise the coefficients so that we
can write
W (ω)n(ω) =
∑
ℓmk
wℓmkD
ℓ
mk(ω). (15)
For this reconstruction of the hit cube to be exact, one would re-
quire k to range from −ℓ to ℓ, not as we have here from −kmax to
kmax. This is not a problem for our proposed techniques since, as
we shall see later, we only need to capture the features in the ψ di-
rection with Fourier modes up to some kmax, the value of which is
determined by the complexity of the beam asymmetry. This is anal-
ogous to the axisymmetric case, where to recover the temperature
fluctuation power spectrum the analysis uses the hit map, which is
just the k=0 Fourier mode of the hit cube. So while we cannot fully
recover the complete hit cube we do recover its important features.
3 BEAM ASYMMETRY CORRECTION WITHIN THE
PSEUDO-Cℓ FRAMEWORK
In this section, we develop a technique to correct for the effects
of beam asymmetry within the framework of pseudo-Cℓ power
spectrum estimators (Hivon et al. 2002; Brown, Castro, & Taylor
2005). As described earlier, this approach to correcting for beam
asymmetries is well suited to experiments that can measure the
Q and U Stokes parameters simultaneously in the timestream
(e.g. differencing experiments). In Appendix A we show that for
such an experiment the pseudo-Cℓ presented here is similar to
that of the standard pseudo-Cℓ approach (Brown, Castro, & Taylor
2005).
3.1 Definition of the pseudo-Cℓ spectra
We wish to define a two-point statistic that contains the relevant
information from the TOD and which can also be related to the
power spectra defined in equation (6) via a coupling matrix. As the
quantity T ℓmk contains all of the information present in the TOD,
it must therefore contain all of the information required to recover
the CMB spectra. We define the pseudo-Cℓ spectra as
C˜kk
′
ℓ ≡
∑
m
T ℓ∗mkT
ℓ
mk′ , (16)
1 Specifically we consider a weighting function that openly depends on θ
and φ. Our choice of normalised weighting function for a given sky pixel
is n(p)=m(p)/Nhits(p), where m(p) is the mask applied to pixel p and
Nhits(p) is the number of hits that pixel p receives in the scan strategy.
Weighting a TOD element with a factor of 1/Nhits(p) is equivalent to the
weight the element receives when making a binned map and should not be
considered to be down weighting high signal to noise regions of the map.
c© 2014 RAS, MNRAS 000, 1–18
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which can be computed directly from the TOD. The appropriate-
ness of this choice becomes clear when we write the Wigner D-
matrices in terms of the spin weighted spherical harmonics, from
equation (3.10) in Goldberg et al. (1967):
Dℓmk(φ, θ, ψ) =
√
4π
2ℓ+ 1
eikψ −kYℓm(θ, φ). (17)
We see that T ℓm0 will be similar to the a0ℓm coefficients of a binned
map made from the TOD while T ℓm,±2 will be similar to the a±2ℓm
coefficients. This is due to the fact that the Wigner D-matrices are
decomposing the 3D space, ω, with basis functions over the θ and
φ dimensions which are the spin weighted spherical harmonics.
3.2 Calculating the coupling operator
Here we aim to find an analytic expression for the C˜kk
′
ℓ defined in
equation (16) in terms of the true sky spectra and a coupling matrix
that depends only on the scan strategy and the beam. We begin by
re-writing the decomposition of the TOD using equation (10) and
the definition of the window function. We do this to replace the sum
over j with an integral,
T ℓ1∗m1k1 =
∑
j
Dℓ1m1k1(ωj)tjn(ωj)
=
∑
js2ℓ2m2k2
Dℓ1m1k1(ωj)D
ℓ2∗
m2k2
(ωj)b
∗
s2ℓ2k2
as2ℓ2m2n(ωj).
Using the definition of the hit cube W (ω)=
∑
j δ(ω − ωj) we
deduce that
T ℓ1∗m1k1 =
∑
s2ℓ2m2k2
b∗s2ℓ2k2as2ℓ2m2K
ℓ1ℓ2
m1k1m2k2
, (18)
where in the last line we have introduced the coupling kernel,
Kℓ1ℓ2m1k1m2k2 ≡
∫
d3ωDℓ1m1k1(ω)D
ℓ2∗
m2k2
(ω)W (ω)n(ω). (19)
We are now in a position to calculate the coupling operator. We
start from the definition of C˜k1k
′
1
ℓ ,
C˜
k1k
′
1
ℓ1
≡
∑
m1
T ℓ1∗m1k1T
ℓ1
m1k
′
1
=
∑
m1
s2ℓ2m2k2
s3ℓ3m3k3
b∗s2ℓ2k2as2ℓ2m2K
ℓ1ℓ2
m1k1m2k2
× bs3ℓ3k3a
∗
s3ℓ3m3
Kℓ1ℓ3∗
m1k
′
1
m3k3
. (20)
If we now assume that the CMB temperature and polarization fluc-
tuations are Gaussian distributed with isotropic variance, then we
can write 〈asℓma∗s′ℓ′m′〉 = Css
′
ℓ δℓℓ′δmm′ where we have defined
Css
′
ℓ =
1
2ℓ+ 1
∑
m
asℓma
∗
s′ℓm. (21)
Using this result, equation (20) simplifies to
〈C˜
k1k
′
1
ℓ1
〉 =
∑
m1
s2ℓ2m2k2
s3k3
b∗s2ℓ2k2K
ℓ1ℓ2
m1k
′
1
m2k2
bs3ℓ2k3K
ℓ1ℓ2∗
m1k
′
1
m2k3
Cs2s3ℓ2
=
∑
s2ℓ2k2
s3k3
b∗s2ℓ2k2bs3ℓ2k3M
ℓ1ℓ2
k1k
′
1
k2k3
Cs2s3ℓ2 , (22)
where, in the second step, we have used the product of two coupling
kernels, M ℓ1ℓ2
k1k
′
1
k2k3
, derived in Appendix B. We can now identify
the coupling operator that describes the contribution of each sky
spectrum Cs1s2ℓ to each of the C˜
kk′
ℓ , i.e. we can write
〈C˜
k1k
′
1
ℓ1
〉 =
∑
ℓ2s2s3
O
k1k
′
1
s1s2
ℓ1ℓ2
Cs2s3ℓ2 , (23)
where,
O
k1k
′
1
s1s2
ℓ1ℓ2
=
∑
k2k3
b∗s2ℓ2k2bs3ℓ2k3M
ℓ1ℓ2
k1k
′
1
k2k3
. (24)
Certain symmetries can be used to reduce the number of M ma-
trices required to evaluate equation (24). These symmetries, which
are derived in Appendix C, are
M ℓ1ℓ2
k1k
′
1
k2k3
= M ℓ1ℓ2∗
k′
1
k1k3k2
, (25)
M ℓ1ℓ2
k1k
′
1
k2k3
= (−1)k2−k1+k3−k
′
1M ℓ1ℓ2∗
−k1−k
′
1
−k2−k3
. (26)
3.3 Recovering the true CMB spectra
We are now in a position to obtain unbiased estimators for the
true CMB power spectra CXYℓ defined in equation (6). We start
by defining a large vector made up of the pseudo-Cℓ spectra, C˜kk
′
ℓ ,
and another comprised of the true full-sky spin spectra, Css
′
ℓ de-
fined in equation (21):
Ci = (C
00
ℓ , C
02
ℓ , C
0−2
ℓ , C
22
ℓ , C
2−2
ℓ , C
−2−2
ℓ )
T (27)
C˜i = (C˜
00
ℓ , C˜
02
ℓ , C˜
0−2
ℓ , C˜
22
ℓ , C˜
2−2
ℓ , C˜
−2−2
ℓ )
T . (28)
Each of these are vectors of length 6(ℓmax + 1). Using these defi-
nitions we can write our overall coupling matrix equation as
C˜i1 =
∑
i2
Oi1i2Ci2 . (29)
We write the overall coupling operator Oi1i2 explicitly in terms of
the individual O-matrices of equation (24) in Appendix D. Once
this operator has been calculated, equation (29) can be inverted
to recover the true spin spectra Css
′
ℓ , properly deconvolved for
both the mask and the asymmetric beam. A further simple trans-
formation, which is explicitly written down in Appendix E, yields
the final estimates of the six possible CMB power spectra, CXYℓ .
Note that, as with normal pseudo-Cℓ estimators, in the presence
of a severe sky cut, the matrix, Oi1i2 will be singular and must
therefore be binned before it can be inverted. This is standard prac-
tice with pseudo-Cℓ power spectrum estimators (Hivon et al. 2002;
Brown, Castro, & Taylor 2005).
3.4 Including noise
Any useful algorithm for removing the effects of beam asymmetry
must also be able to deal with instrumental noise. Since our algo-
rithm works within the framework of the standard pseudo-Cℓ tech-
nique, we can use exactly the same approach to remove the noise
bias as is adopted in the standard analysis (Hivon et al. 2002). A
TOD element including noise can be written as
tj =
∑
slmk
Dℓ∗mk(ωj)b
∗
slkaslm + nj . (30)
If we assume that the noise is not correlated with the pointing di-
rection of the telescope then
(C˜kk
′
ℓ )
SN = (C˜kk
′
ℓ )
S +Nkk
′
ℓ , (31)
c© 2014 RAS, MNRAS 000, 1–18
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where the SN and S superscripts denote the signal-plus-noise and
the signal-only pseudo-Cℓ spectra respectively. An unbiased esti-
mate of the noise power spectra, Nkk
′
ℓ , can be obtained by per-
forming a set of simulations containing only instrument noise and
calculating C˜kk
′
ℓ for each as before using equation (16). The noise
bias is then estimated as the average over the set of noise realisa-
tions, Nkk
′
ℓ = 〈C
kk′
ℓ 〉. The final estimator for the full-sky, noise-
debiased and asymmetry-cleaned spin power spectra can then be
written as
Ci1 =
∑
i2
O
−1
i1i2
(C˜i2 − 〈Ni2〉), (32)
where 〈Ni2〉 is a vector of length 6(ℓmax + 1) comprised of all of
the individual noise bias spectra, constructed in an analgous fashion
to equations (27) and (28). As before, the six CMB power spectra
are then recovered trivially using the relation in Appendix E.
4 IMPACT OF BEAM ASYMMETRIES ON CMB
POLARIZATION EXPERIMENTS
With the anaysis of the previous two sections in place, we can now
examine the effect that beam asymmetries will have on the E- and
B-mode polarization power spectra. We begin by noting again that
the T ℓm±2 of equation (13) are closely related to the spin-2 har-
monic coefficients a±2ℓm of Q and U maps constructed from the
same TOD. In analogy with equations (4) and (5), we can therefore
define the following E-mode-like and B-mode-like linear combi-
nations and two-point correlations of the T ℓm±2:
T ℓmE ≡ −
1
2
(
T ℓm2 + T
ℓ
m−2
)
(33)
T ℓmB ≡ −
1
2i
(
T ℓm2 − T
ℓ
m−2
)
and (34)
=⇒ C˜EEℓ =
1
4
(
C˜22ℓ + C˜
−2−2
ℓ + C˜
−22
ℓ + C˜
2−2
ℓ
)
(35)
=⇒ C˜BBℓ = −
1
4
(
C˜22ℓ + C˜
−2−2
ℓ − C˜
−22
ℓ − C˜
2−2
ℓ
)
(36)
In Appendix A, we show that the quantities defined in equa-
tions (33) and (34) are similar to the standard pseudo-Cℓ E- and
B-modes defined in Brown, Castro, & Taylor (2005). These rela-
tions can then be used to investigate the impact of beam asymme-
tries and/or a non-zero cross-polar beam response function.
Of particular concern is the potential coupling between the
temperature power spectrum and the B-mode polarization power
spectrum. As the temperature power spectrum is known to be at
least four orders of magnitude stronger than the B-mode power,
any coupling between the two could be catastrophic if not properly
accounted for. Here we show how the most prominent asymmetric
modes of the beam can potentially create such a coupling.
As described in Section 6 (see Figs. 1 and 2), the k = ±2
mode is by far the most prominent asymmetric term for the repre-
sentative beams that we consider later in this paper. To examine the
impact of the k = ±2 asymmetry, we consider a situation where
all possible orientations are observed, i.e. where W (ω)n(ω)=1,
for the normalisation described in section 2. In this case, the con-
tribution to T ℓ∗m±2 from the temperature fluctuations is
T ℓ∗m±2 =
∑
ℓ′m′k′
b∗0ℓ′k′ a0ℓ′m′
∫
d
3
ωDℓm±2(ω)D
ℓ′∗
m′k′(ω)
=
8π2
2ℓ+ 1
b∗0ℓ±2 a0ℓm, (37)
where we have used the orthogonality of the Wigner D-matrices
(Goldberg et al. 1967). Equation (37) shows that the asymmetry
will couple temperautre to polarization even in the case of an ideal
scan strategy. This was to be expected, since both the CMB polari-
sation field and the convolution of the temperature fluctuations with
the k = ±2 term of the beam are spin-±2 quantities. From equa-
tions (33) and (34), the effect on the measured the E- and B-mode
polarisation is
∆T ℓmE = −
4π2
2ℓ+ 1
(b0ℓ2 + b0ℓ−2)a
∗
0ℓm and (38)
∆T ℓmB = −
4π2
i(2ℓ+ 1)
(b0ℓ2 − b0ℓ−2)a
∗
0ℓm. (39)
For the coupling from temperature to B-mode polarisation to be
non-zero in this case, then b0ℓ±2 must be complex. This will only
be the case if the beam asymmetry is orientated at an angle to the
polarization sensitivity direction defined by the co-polar response,
which will not be the case in general.
This result was first found by ?, where they examined sta-
tistically varying systematic errors. A statistically varying dif-
ferential beam ellipticity between a detector pair would couple
temperature to polarisation just as our constant ellipticity has.
O’Dea, Challinor, & Johnson (2007) also studied the systematic er-
rors induced when an elliptical Gaussian beam is used in a B-
mode experiment. They considered a specific type of ellipticity:
one where the beam is either perturbed along the direction of the
polarisation, or perpendicular to it. This type of perturbation has
the unique property of having a decomposition where b0ℓ±2 is real,
and therefore such an asymmetry cannot couple temperature fluc-
tuations to B-mode fluctuations. As O’Dea, Challinor, & Johnson
(2007) shows, if the beam is perturbed in any other way than this
special case, then temperature fluctuations will be coupled to B-
mode fluctuations even in the case of an ideal scan strategy. This
result is in agreement with the findings of Shimon et al. (2008) who
also considered the coupling between temperature and B-mode po-
larisation due to beam asymmetry effects.
5 BEAM ASYMMETRY CORRECTION DURING
MAP-MAKING
In some cases, the approach to correcting for beam asymmetry
presented in Section 3 will be sub-optimal. For example, in the
case where one corrects for significant temperature-to-polarization
leakage, there will be a contribution to the error-bars on the re-
constructed polarization power spectra due to the sample variance
associated with the leaked temperature signal. In addition, for po-
larization experiments that do not measureQ andU simultaneously
in the time-stream, the B-mode power spectrum errors will be af-
fected by the sample variance associated with the much larger E-
mode polarisation. A technique that corrects for beam asymmetry
at the map level will be immune to these issues and is therefore an
attractive prospect. Here, we develop such a method to correct for
beam asymmetry effects during the map-making step.
We begin by recalling that the convolution of the sky signal
with a general beam is given by equation (11). In an experiment a
telescope will scan the sky, giving us a set of measurements of this
function t(ω). For each pixel on the sky we therefore have a set of
measurements at various orientations.
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5.1 Extracting the temperature and polarisation of a pixel
This discussion is concerned with estimating the temperature and
polarisation signal at the position of a single sky pixel. The detected
signal at the position of a pixel S will depend on the instrument ori-
entation at the time of observation ψ due to the polarisation of the
sky and the beam asymmetry. If the beam was axisymmtric and had
no polarised response then S(ψ) would be constant and equal to
the beam-smoothed CMB temperature at the pixel location. 2 This
can be seen from equation (11) by setting bsℓk=b0ℓ0δk0δs0 and
noticing that the ψ dependence of t(ω) comes from the Wigner D
matrices. For a polarised detector S(ψ) would then contain k=±2
Fourier modes, due to the spin-2 nature of polarisation. This prop-
erty is exploited by map-making algorithms to find the temperature
and polarisation of a pixel. In these algorithms the ψ dependence of
the detected signal is assumed to be due to the polarisation signal.
Here, we relax this assumption and develop a map-making algo-
rithm that provides estimates of the temperature and polarisation of
a pixel that are free of systematics of different spins.
We represent the orientations at which a pixel is seen in an
experiment by defining a window function h(ψ)≡ 1
nhits
∑
j
δ(ψ −
ψj), where nhits is the number of hits on the pixel. h(ψ) will be
different for each pixel and will be dependant on the scan strategy.
The detected signal Sd(ψ) is therefore
Sd(ψ) = h(ψ)S(ψ). (40)
In Fourier space3 this multiplication takes the form of a convolution
S˜dk =
∞∑
k′=−∞
Hkk′ S˜k′ , (41)
where we have defined Hkk′≡h˜k−k′ . Therefore, if we can invert
the matrix Hkk′ then we can recover the true S˜k. Recovering the
spin-0 and spin-2 features of S(ψ) is the main goal of this work
since these are the CMB temperature and polarisation of the pixel.
Therefore, we would like to obtain estimates for S˜0 and S˜±2.
Inverting the matrix Hkk′ as it is written in equation (41)
would be impossible: firstly it is infinitely large, and secondly for
any realistic h(ψ) the matrix will be singular.4 However, if we
make the assumption that S˜k cuts off at a small value of kmax and if
the ψ angle coverage of that pixel is sufficent such that this reduced
matrix is invertible then we can use the approximation,
S˜k =
kmax∑
k′=−kmax
H−1kk′ S˜
d
k′ . (42)
We can choose kmax by measuring the azimuthal dependence of
the beam and ensuring that we include enough k-modes to capture
all of the Fourier modes in S(ψ). As in the case of the pseudo-Cℓ
approach (Section 3), the kmax should chosen so that the asym-
metry of the beam is fully captured. We return to this issue in the
following section where we examine the harmonic decomposition
of some representative asymmetric beams.
Adopting the HEALPix5 definition of the Stokes parameters, we
2 The dectected signal for a pixel i is related to our previous notation by
Si(ψ) = t(ψ, θ=θi, φ=φi)
3 We define the Fourier transform of f(ψ) and the inverse transform to be
f˜k =
1
2π
∫ 2π
0
dψe−ikψf(ψ) and f(ψ) =
∑∞
k=−∞ e
ikψ f˜k .
4 Note that “realistic” in this context explicitly excludes the case of an ideal
scan strategy for which h(ψ)=1.
5 See http://healpix.sourceforge.net
can calculate the temperature and polarisation of the pixel from the
inverse Fourier transform of the estimated S˜k as
T = S˜0, (43)
Q = 2ℜ(S˜2), (44)
U = 2ℑ(S˜2). (45)
Performing this procedure for all observed pixels, we will then have
estimates of the T,Q andU maps which are free of systematics that
have a different spin to our desired quantity. Note we will have not
removed systematics that have the same spin. Specifically the cou-
pling from temperature to polarisation due to the asymmetry in the
beam discussed in Section 4 will still contaminate our estimates of
Q and U . We will consider this problem in the following subsec-
tion. As we show in the simulation tests in Section 8 there will be a
noise penalty associated with this effective re-weighting of the data.
For this reason kmax should be as large as it needs to be to capture
all the asymmetry in the beam but no larger as this will increase the
noise in the map.
This method is similar to the re-weighting of the data to re-
move systematics of different spin presented in Bock et al. (2009).
Note however that in Bock et al. (2009) study suggests descarding
(or down weighting) all data that does not have a ”counterpart” that
could be used to average systematics to zero. For example, a spin-
1 systematic can be removed if every TOD element has a counter
part where the pixel was hit with ψ orientation π away from the
first. Conversely, the method we propose in this paper can use all
of the data to characterise the spin-1 systematic and remove it.
5.2 Removing the leakage from temperature to polarisation
We showed in Section 4 that the asymmetry of the beam will leak
temperature fluctuations to polarisation regardless of the scan strat-
egy. This is due to the spin-2 dependence of the temperature of the
CMB convolved with the k=± 2 mode of the beam response func-
tion. The polarisation maps made using the map-making method
described above will still contain this spin-2 leakage from temper-
ature to polarisation. However, since we know that this leakage is
from the temperature fluctuations coupling to the k=± 2 asymme-
try in the beam, and since we also now have an unbiased estimate
of the temperature map, we can therefore calculate and remove this
leakage.
We start from the estimated temperature map. If we have ob-
served only part of the sky it is necessary to apodise the map such
that there are no features due to the mask that are smaller than the
beam scale. We then take the spherical harmonic transform of this
map,
a˜0ℓm =
∫
dΩ 0Y
∗
ℓm(Ω)T˜ (Ω). (46)
We can now calculate the polarization leakage using equations (38)
and (39). One can show that the spherical harmonic transform of
the temperature leakage is given by
∆aEℓm = 2ℜ
(
b0ℓ2
b0ℓ0
)
a˜0ℓm, (47)
∆aBℓm = 2iℑ
(
b0ℓ2
b0ℓ0
)
a˜0ℓm. (48)
Upon transforming back to real space, these terms can then be re-
moved from the polarisation maps. Note that the regions within
a beam-scale of the locations where the temperature map was
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Figure 1. Left panel: The simulated beam of a 17 moded horn planned to be on board the LSPE balloon experiment. Centre panel: the reconstruction of the
beam retaining only modes with k=0,±2 . Right panel: The absolute error between the simulated beam and the reconstruction.
aposided should be disregarded as the leakage will not have been
removed in these regions.
6 EVALUATING THE PARAMETER kmax FOR A
TEMPERATURE ONLY EXPERIMENT
Both the pseudo-Cℓ technique and the map-making approach for
removing beam asymmetries require us to impose a cap on the har-
monic expansion of the beam, kmax. We now look at a realistic
set up for a CMB experiment in order to ascertain how large the
required kmax is likely to be for real experiments. We make no as-
sumption on the scan strategy. However, beam shapes are generally
designed to be as axisymmetric as possible. We expect therefore
that the beam expansion can be truncated after only a few terms
with minimal loss of accuracy. We note that the pseudo-Cℓ cor-
rection technique can in principle be applied for any kmax that is
deemed necessary in order to achieve the required accuracy. This
will come with the obvious computational cost of increasing the
number of summations required to evaluate equation (24). In con-
trast, for the map-making approach, there will be some maximum
value of kmax for which the matrix Hkk′ of equation (42) will be
invertible. We also note that increasing kmax will increase the sta-
tistical error on the recovered map. It should therefore be chosen
to be only as large as is required by the asymmetry in the beam.
In practice, whether the map-making approach will be appropriate
for any given experiment will depend on both the complexity of
the beam asymmetry and on the polarization angle coverage of the
experiment.
6.1 Beam decompositions for some representative cases
As a demonstration of how a realistic and asymmetric beam
can be represented using just a few k-modes, we consider a
numerical simulation of an instrumental beam corresponding to
the multi-moded 145 GHz feed horns planned to be flown on-
board the balloon-borne Large Scale Polarisation Explorer (LSPE,
The LSPE collaboration et al. 2012). By coupling 17 wave-guide
modes, the sensitivity of a single LSPE horn + detector module is
greatly increased. However, the large number of propagated modes
results in a complicated and potentially asymmetric overall beam
shape. Note that the numerical simulation used here is of the horn
only and a simple scaling of the overall beam size has been applied
to roughly approximate the effect of the telescope lens.
We note that the LSPE experiment will also include a half-
wave plate (HWP) in front of the optics which will be used to in-
crease the polarization angle coverage of the experiment. However,
for the purposes of this demonstration, we consider a temperature-
only experiment and we therefore ignore the effect of the HWP.
Upon performing the spin-0 decomposition of the beam,
(equation 8), we find that only a few azimuthal modes are required
to accurately model what might be considered a rather asymmetric
beam. Fig. 1 shows the original simulated beam alongside a repre-
sentation of it retaining only the two most significant modes (k = 0
and k = ±2) of the decomposition. The major features of the beam
asymmetry are clearly well captured using this heavily truncated
expansion. We therefore choose to set kmax=2. The beams shown
here are invariant when rotated by π, therefore the odd azimuthal
terms will be zero. Explicitly the truncated decomposition of the
beam can be written as (now writing b0lk = blk etc. for clarity)
blk = bl0δk0 + bl+2δk,+2 + bl−2δk,−2. (49)
In Fig. 1 we also show the residuals between the full beam and this
representation which is seen to be a good approximation. We can
immediately see from equation (22) that this will greatly simplify
the pseudo-Cℓ coupling matrix calculation by limiting the sum over
k2 and k3 to only include the k2, k3=0,±2 modes.
We also examine a general elliptical Gaussian beam described
by
B(θ, φ) =
1
2πqσ2
e
− θ
2
2σ2
(cos2 φ+q−1 sin2 φ)
, (50)
where q is a parameter that defines the asymmetry of the beam
and the full with at half maximum (FWHM) θFWHM = 2.35σ.
If q=1 then the beam is axisymmetric. To test the expansion we
choose θFWHM=7 arcmin and q=1.5, which represents a highly
elliptical beam, significantly more elliptical than one might expect
in a real CMB experiment. This simulated beam therefore provides
a stringent test of our correction algorithms. We plot the spin-0
decomposition of this beam in Fig. 2. It is encouraging to see that
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|bLk|
2
The
Figure 2. The amplitudes of the k=0, 2, 4, 6, 8, 10 terms of the beam ex-
pansion, |bℓk|2, as a function of multipole, ℓ for an elliptical Gaussian beam
as defined in equation (50) with σ=3 arcmin coresponding to a θFWHM=7
arcmin and ellipticity parameter, q=1.5.
once again, we can describe the beam asymmetry using a relatively
small number of terms.
6.2 Using the noise power to set kmax in a temperature only
experiment
From the above demonstration, it appears that only a small number
of terms in the harmonic expansion of the beam need to be retained
in order to capture the global features of the beam response includ-
ing the effects of asymmetry.
However, to be truly confident that the truncated expansion is
an accurate enough representation of the beam, one would ideally
choose the value of kmax such that the any residual error from mis-
representing the beam is smaller (to some tolerance level) than the
statistical error in an experiment. For a particular asymmetric ex-
pansion term the leading order contribution to C˜00ℓ is∼|˜b0ℓk|2C00ℓ ,
where b˜0ℓk=b0ℓk
√
4π
2ℓ+1
. Therefore we can say that the asymmet-
ric term should be included if
〈pk〉pix |˜b0ℓk|
2C00ℓ > f〈N
00
ℓ 〉σ, (51)
where f is a tolerance level to which we require our systematic er-
rors to be below the statistical error. A reasonable choice may be
f=0.1, to ensure that the systematic error is 10% of the noise sta-
tistical error. 〈N00ℓ 〉σ is the standard deviation of the noise power,
see equation (31), which is the dominating source of statistical error
at high ℓ. The term 〈pk〉pix is the kth mode of the ψ angle coverage
quality of the scan strategy defined as
〈pk〉pix =
〈
1
n2hits
∣∣∣∣∣
∑
i
eikψi
∣∣∣∣∣
2〉
pix
, (52)
where 〈〉pix denotes an average over all pixels on the sky, nhits is
the number of hits a pixel receives and the sum over the index i is
over all observations of a particular pixel. The lower the value of
〈pk〉pix, the better the scan strategy is at removing the bias created
by the beam asymmetry due to the kth azimuthal mode.
The rule of thumb in equation (51) becomes problematic when
the sky coverage is small and in the presence of a highly asymmet-
ric beam due to coupling between asymmetric terms of different k.
This coupling is suppressed in the all-sky case because the cross
spectra Wℓk2k3 are small for k2 6=k3, which in turn means the cou-
pling matrix M ℓ1ℓ200k2k3 is small.
However in the case where the power in the mask extends to
high ℓ these cross spectra terms can become significant. This results
in a significant contribution to the operator by a term of the form
b∗0ℓ2k2b0ℓ2k3M
ℓ1ℓ2
00k2k3
, where k2 6=k3. This additional contribution
could potentially be larger than the k2=k3 term if |b0ℓk2 |≫|b0ℓk3 |.
7 TESTING THE PSEUDO-Cℓ ON SIMULATIONS
In this section, we demonstrate the implementation of the pseudo-
Cℓ technique developed in Section 3 on numerical simulations of
two representative types of CMB experiment – a generic balloon-
borne experiment and a future satellite mission. Note that we test
the performance of the algorithm in the temperature-only case. The
implementation of our technique for polarization experiments will
be presented in a future paper. For a temperature-only analysis, the
coupling is reduced to
C˜00ℓ1 =
∑
ℓ2
O0000ℓ1ℓ2C
00
ℓ2
with, (53)
O0000ℓ1ℓ2 =
∑
k2k3
b∗0ℓ2k2b0ℓ2k3M
ℓ1ℓ2
00k2k3
(54)
The main stages of the simulation pipeline are as follows:
(i) We use the HEALPix package to create simulations of the CMB
temperature field based on the theoretical CMB power spectrum for
the concordance ΛCDM cosmological model.
(ii) We then create a TOD by convolving the CMB with the tele-
scope beam in the appropriate orientation given the scan strategy.
(iii) We then calculate the C˜00ℓ using equation (16).
(iv) The coupling operator is calculated using the expression in
equation (54).
(v) With the operator O0000ℓ1ℓ2 calculated, we then invert it to re-
cover an estimate of the full-sky and beam-deconvolved power
spectrum.
Note that we use two different convolution codes for the two
classes of experiment that we simulate. For the balloon-like test
we calculate each element of the TOD using equation (10). The
HEALPix ROTATE ALMS routine operates on the beam multipole co-
efficients. This function uses the Wigner D-matrices to rotate the
beam coefficients by a set of Euler angles given on input. The TOD
element can then be calculated using,
tj =
∑
lm
bj∗lmalm, (55)
where bj∗lm is the multipole expansion of the beam when it has been
rotated through the Euler angles ωj . In this way the whole TOD can
be created. While this is accurate and simple it would be impossible
to use this approach in the satellite-like experiment as the number
of TOD elements and the required ℓmax would make it computa-
tionally infeasible. To create the simulated TOD in the satellite-like
case, we use a method similar to the FEBeCoP approach (Mitra et al.
2011) except that do not calculate the effective beams but rather we
produce the individual TOD elements. The convolution is simpli-
fied by describing the beam in pixel space and we only calculate the
value of the beam on a set of neighbouring pixels centred around
the pointing centre of the beam. We use pixels within 5σq of the
centre of the beam (see equation 50) to describe the beam over this
localised region of sky.
A second technical challenge was to obtain the Wigner D-
matrix transforms of the TOD and the window function. We
achieved this by implementing equations (13) and (14) using the
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expression for the Wigner D-matrix in terms of spin weighted
spherical harmonics (equation 17). First, the integral over ψ was
performed using a simple Newton-Cotes numerical integration
method. The HEALPix routine MAP2ALM SPIN was then used to per-
form the integrals over θ and φ.
7.1 Balloon-like experiment
For our first test we use the simulated LSPE beam shown in Fig. 1
with a modification. We greatly amplify the size of the asymmetry
in order to produce a more stringent test of the asymmetry cor-
rection algorithm. The spherical harmonic decomposition of this
exaggerated beam is related to the original LSPE decomposition
by
bexagg0ℓ,k = b
LSPE
0ℓ,0 δk0 + b
LSPE
0ℓ,±2δk±2 × 100. (56)
We use the planned scan strategy for LSPE but we stress that
we have not included the effects of the half-wave plate (HWP) that
LSPE will use. The LSPE experiment will incorporate a HWP in
front of the optics which will be used to increase the polarization
angle coverage of the experiment. However, for the purposes of
this demonstration where we consider a temperature-only exper-
iment, we have ignored the (advantageous) effects of the HWP.
LSPE will be launched at a latitude of 780 North and will follow a
jet stream around the globe staying at roughly the same latitude.
The payload will spin at 3 rpm and the telescope will perform
constant allevation scans with regular (§daily) steps in elevation
(The LSPE collaboration et al. 2012).
We created a set of TOD following the above procedure in-
cluding white noise. The LSPE scan strategy covers ∼ 25% of the
sky and so provides a test of the algorithm’s ability to account for a
cut sky in addition to the effects of beam asymmetry. Fig. 3 shows
an example of a simple binned map created from one of our simu-
lations. This figure also shows the hit map of the scan strategy, the
2nd ψ coverage quality p2 defined in Section 6.2 and the weighting
function that we use to apodise the hit map. We include an (unre-
alistically high) noise level of 1.6 mK-arcmin in our simulations in
order to test the removal of noise bias from the recovered power
spectrum.
The C˜00ℓ for 1000 realisations were computed according to
equation (53) and the coupling operator was calculated using equa-
tion (54). In order to invert the coupling matrix we needed to bin the
C˜00ℓ and the coupling operator, as in Hivon et al. (2002). This bin-
ning ensures that the matrix is invertible and that the resulting data
points are uncorrelated. Here we use a bin size of ∆ℓ=20. A correc-
tion for noise bias was also implemented following the procedure
outlined in Section 3.4. Fig. 4 shows the mean power spectrum re-
covered from the simulations in comparison to the input spectrum.
In this figure, we also plot the mean power spectrum recovered
when the beam was assumed to be axisymmetric, by including only
the b0ℓ0 term on the pseudo-Cℓ. This figure clearly demonstrates
that our algorithm can successfully recover the power spectrum in
a situation where the axisymmetric approximation clearly fails. The
power spectrum obtained in the case where the noise in the TOD
was ignored is also shown demonstrating the ability of our algo-
rithm to successfully correct for noise bias.
7.2 Satellite-like experiment
The second test that we perform is using a satellite-like scan strat-
egy. For this test, we use a beam described be equation (50) with
Figure 4. Reconstruction of the power spectrum for the balloon-like simu-
lation using the pseudo-Cℓ method. The input theoretical power spectrum
is plotted (black) along with the recovered power spectrum when the ex-
agerrated beam is used (red), averaged over 1000 realisations. We also plot
the recovered power spectrum one would recover if the axisymmetric MAS-
TER (Hivon et al. 2002) analysis was used (blue) and if the noise was ig-
nored (yellow). The vertical error bars show the standard deviation of the
realisations from the mean.
σ=3 arcmin corresponding to a FWHM of 7 arcmin and q=1.5.
The scan strategy used is similar to that proposed for the Experi-
mental Probe of Inflationary Cosmology (EPIC, Bock et al. 2009).
In Fig. 5 we show the hit map, the p2 quality (equation 52) and
the weighting function that we have used to mask the galaxy and
extragalactic sources. We use the same mask as was used by the
Planck collaboration (Planck Collaboration et al. 2013b) for their
power spectrum analysis. The weighting function also apodises the
hit map. Note that the EPIC scan strategy was designed to improve
the 2nd ψ coverage quality defined in Section 6.2. This choice of
scan strategy will therefore be effective in mitigating beam asym-
metries even in the absence of a dedicated correction algorithm. We
therefore expect the bias, in the absence of a dedicated correction,
to be much smaller than seen in the previous section (although it
will still be non-zero). The mean recovered power spectra using
kmax=0, 2 are shown in the top panel of Fig. 6. The lower panel
of this figure shows the fractional residual bias in the power spec-
trum recovery and demonstrates an unbiased result to high-ℓ when
kmax=2 is used. These simulations included white noise such that
the error on the map is equivalent to 8.5µK-arcmin. We can see
that even with a scan strategy designed to optimise crossing angles
and thereby reduce the asymmetry bias, there remains a bias at the
level of ∼1−2σ when the axisymmetric approximation is made.
The importance of this test is two-fold. It demonstrates that
the algorithm can deal with a more conventional elliptical Gaus-
sian beam and also that it can be extended to high-ℓ. The cou-
pling operator was calculated in 9 hrs on one 2.26 GHz processor
to ℓmax = 4000. We calculated the coupling operator to a much
higher ℓ than the maximum multipole of interest to ensure that we
did not miss any effects from the aliasing of power from higher
multipoles.
8 TESTING THE MAP-MAKING ALGORITHM ON
SIMULATIONS
We test the map-making algorithm described in Section 5 in two
ways. First, we use the algorithm on multiple realisations of the
same simulated experiment as described in Section 7.2 to show that
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Figure 3. Top left: An example binned map made in the balloon-like test. The exaggerated beam was used with a spherical harmonic decomposition as
described in equation (56). The scan strategy implemented is typical of a balloon based experiment. Top right: The hit map from one day of observations for
the balloon-like experiment. Bottom left: The p2 quality, defined in equation (52), of the scan strategy. We note again that a HWP was not included which is
why the polarization angle coverage is poor for this simulation. Bottom right: The weighting function applied to apodise the hit map.
the algorithm can correctly remove the asymmetry bias on the tem-
perature power spectrum. The second test is performed on a single
noise-free full sky simulation of the satellite experiment. We use
this latter simulation to test if the algorithm can successfully re-
move the asymmetry bias directly from the temperature and polar-
isation maps. We do not include a CMB polarisation signal in our
TOD and so a successful asymmetry correction algorithm should
recover a zero polarisation signal.
8.1 Removing the asymmetry bias on the temperature power
spectrum
As in Section 7.2, we create 48 TOD realisations using the satellite-
like scan strategy, and using an elliptical Gaussian beam with
θFWHM=7 arcmin and q=1.5 (see equation 50). As before, the
TOD included white noise equivalent to a map noise level of 8.5µK
arcmin.
From the simulated TOD, we then compute both a simple
binned map and a map constructed using the algorithm presented
in Section 5 with kmax=2. We then apply the same galactic and
point source mask to these maps as used in Section 7.2. A stan-
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Figure 5. Top panel: The hit map for one year of observations for our simulated satellite-like experiment. Middle: The p2 quality, defined in equation (52), of
the scan strategy. Bottom panel: The weighting function used to apply a galactic and point source mask and apodise the hit map.
dard pseudo-Cℓ analysis (Hivon et al. 2002) is then applied in or-
der to recover the power spectrum. The recovered power spec-
trum is then deconvolved by dividing by the beam window func-
tion Bℓ=
√
4π
2ℓ+1
b0ℓ0, which is the axisymmetric component of the
input beam. Fig. 7 shows the recovered power spectrum for the
binned map and for the asymmetry cleaned map obtained using
the new map-making algorithm of Section 5. The asymmetry bias
has clearly been removed successfully. Note that the removal of
the asymmetry bias comes at the cost of a modest inflation of the
power spectrum error-bars which have increased by ∼20%. This
increased error is modest compared to the systematic bias that has
been removed.
8.2 Removing the asymmetry bias on the temperature and
polarisation maps
Here we present a demonstration of how the map-making algorithm
can be used to remove the asymmetry bias on both the temperature
and polarisation maps.
To estimate the temperature map, the algorithm of Section 5
extracts only the spin-0 components of the TOD. This quantity con-
tains the temperature of the CMB smoothed with the axisymmetric
component of the beam. To demonstrate this we simulate a noise
free TOD using the elliptical Gaussian and the satellite-like scan
strategy. We plot the CMB used in the simulation smoothed with
the axisymmetric component of the beam in the top panel of Fig. 8.
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Figure 6. Reconstruction of the power spectrum for the satellite-like sim-
ulation using the pseudo-Cℓ method. Top: The input theoretical power
spectrum is plotted (black) along with the recovered power spectrum for
kmax=0, 2 (blue and red points respectively) averaged over 48 realisa-
tions. Bottom: The fractional error between the recover band powers and
the binned input power spectrum. The error bars show the statistical error
on the recovered mean, while the dashed lines show the 1σ error that would
be seen in a real experiment. We see that the kmax=2 recovery is unbiased
to a small fraction of the statistical error caused by noise.
The other three panels in this figure show the absolute error be-
tween this isotropically smoothed map and a simple binned map
(second panel); and between the isotropically smoothed map and
maps produced using the map-making algorithm with kmax=2 and
kmax=4 (lower two panels). The reduction in the bias due to beam
asymmetry as kmax is increased is clearly demonstrated by this fig-
ure.
We also tested the ability of the map-making algorithm to re-
move the leakage from temperature to polarisation due to the asym-
metry of the beam. We performed this test using the approach de-
scribed in Section 5.2 which makes use of a previously estimated
temperature map obtained with the method described in Section 5.1
with kmax=4. In our simulation we have not included an input po-
larisation signal so the expected power in the polarisation maps will
be zero in the absence of systematics. As described in Section 4,
the temperature to polarization leakage could contaminate either
the E-mode or the B-mode power spectrum depending on the rel-
ative orientation between the beam ellipticity and the polarisation
response of the detector.
In Fig. 9 we plot the power of the leaked temperature to po-
larisation signal and the power in the polarization maps after this
leakage has been removed using the appproach described in Sec-
tion 5.2. The power in the cleaned polarisation map has been suc-
cessfully reduced by ∼4 orders of magnitude compared to the un-
cleaned map.
Figure 7. Reconstruction of the power spectrum for the satellite-like sim-
ulation using the map-making method. This should be compared to Fig. 6
which presents the results of the pseudo-Cℓ method. Top: The input theoret-
ical power spectrum is plotted (black) along with the recovered bandpow-
ers for the binned map (blue points), and where the map-making algorithm
is used with kmax=2 (red points), averaged over 48 realisations. Bottom:
The fractional error between the recover bandpowers and the binned input
power spectrum. The error bars show the statistical error on the recovered
mean, while the dashed lines show the 1σ error that would be achieved by
a single experiment. We see that the map-making technique using kmax=2
produces power spectrum estimates that are unbiased to a small fraction of
the statistical error caused by noise.
Figure 9. The power spectrum of the temperature signal leaked to polar-
ization as a result of beam asymmetries for the simulated satallite-like ex-
periment (red). This power could manifest itself as either an E-mode, a
B-mode or a combination of both – see the discussion in Section 4. The
black line shows the power spectrum of the polarisation leakage after ap-
plying the correction algorithm described in Section 5.2. For comparison
we plot the expected E-mode and B-mode signal in dark and light blue
respectively. The expected B-mode signal is plotted for three cases of the
tensor-to-scalar ratio: r=0.001, 0.01, 0.1.
c© 2014 RAS, MNRAS 000, 1–18
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Figure 8. Top panel: The input CMB realization directly convolved with the axisymmetric component of the elliptical Gaussian beam used for the satellite-like
simulation. Second panel: The absolute residuals between the isotropically smoothed map shown in the top panel and the simple binned map constructed
from the simulated TOD. Lower two panels: The absolute residuals between the isotropically smoothed map shown in the top panel and maps made using the
algorithm described in Section 5 with kmax=2 and kmax=4. The residuals in the kmax=4 case (bottom panel) are comparable with the numerical noise of
our convolution code.
c© 2014 RAS, MNRAS 000, 1–18
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9 DISCUSSION
We have developed two separate techniques to remove asymme-
try bias in CMB experiments. The first is a pseudo-Cℓ method that
corrects for the asymmetry bias on the temperature and polarisation
power spectra. There is no assumption on the scan strategy and only
a modest approximation to the beam is required. The analysis is
similar to the MASTER algorithm (Hivon et al. 2002) and its exten-
sion to polarisation (Brown, Castro, & Taylor 2005). However we
include additional contributions to the coupling operator that cor-
rects for the contaminating effects of the beam asymmetry. We note
that this algorithm can only be applied to experiments that can di-
rectly measure theQ andU Stokes parameters in the timeline, e.g. a
differencing experiment with both instrument-Q and instrument-U
detectors on its focal plane. This is due to the fact that we make no
attempt to make a map and so we must have measurements of the
Stokes parameters in the telescope’s frame of reference. At present
the formalism assumes the four beams required for such a differ-
encing experiment are the same. In future work we will relax this
assumption.
Using this formalism we also examined the inter-spectra cou-
pling resulting from the beam asymmetry. As an example, we in-
vestigated the coupling between temperature and B-mode power in
the presence of an ideal scan strategy. In doing so we showed that
the temperature power will be coupled to the B-mode power if the
beam asymmetry is at an angle to the polarisation sensitivity direc-
tion of the detector. This result is in agreement with previous work
(Shimon et al. 2008).
The coupling operator in equation (24) allows us to calculate
the contribution to each pseudo-Cℓ from the sky power, due to both
the mask and beam asymmetry. By inverting this operator we can,
therefore, calculate an unbiased estimate for the CMB power spec-
tra. To calculate the operator Oi1i2 we must cap the azimuthal de-
pendence of the beam, kmax.10. We demonstrated in Section 6,
and in Figs. 1 and 2, that a simulated beam from a multi-moded
horn, and an elliptical Gaussian, equation (50), are both well de-
scribed by only a few azimuthal modes. This property allows us
to remove to a high degree of accuracy the bias due to the beam
asymmetry for any given scan strategy.
We then went on to implement this algorithm in the tempera-
ture only case for two simulated experimental set-ups: a balloon-
like experiment and a satellite-like experiment. We showed that
we could successfully recover the input power spectrum, when the
TOD was created using a highly asymmetric beam in the pres-
ence of both a severe sky-cut and instrument noise. These tests
showed that the algorithm can deal comfortably with beams that
have much higher levels of asymmetry than that typically found in
real CMB experiments, and using two completely different and re-
alistic scan strategies. The scan strategies investigated include the
proposed scanning mode for the forthcoming balloon-borne LSPE
experiment (The LSPE collaboration et al. 2012), and a scan strat-
egy optimized for a possible future CMB polarization satellite mis-
sion (Bock et al. 2009).
The second technique that we propose for removing beam
asymmetry bias is a new map-making algorithm. The map-making
algorithm produces temperature and polarisation maps of the CMB
that are smoothed with only the axisymmetric component of the
beam. It achieves this by separating out the different spin compo-
nents of the detected signal using equation (42). This allows us to
obtain unbiased estimates for the spin-0 and spin-2 components of
the signal which correspond to the temperature and polarisation of
the pixel. The temperature map estimated using this technique will
be clean of systematics due to the asymmetry of the beam. How-
ever, the polarisation map will still contain a temperature to polar-
isation leakage term due to the k=2 azimuthal mode of the beam.
This contaminating signal can effectively be removed by calculat-
ing the leakage from the estimated temperature map and the known
beam response as described in Section 5.2.
Removing the effects of beam asymmetry at the map level is
preferable to removing it using the pseudo-Cℓ method. There are
three main reasons for this. Firstly there will be no aliasing be-
tween spectra. By removing the inter-spectra leakage at the power
spectrum level we will increase the statistical error on the recov-
ered power spectra by a factor proportional to the amplitude of the
leaked spectra. A more optimal estimate of the true power spec-
trum can therefore be obtained if we can remove the leakage in
the map domain. Secondly, the map-making algorithm can be ap-
plied before foregrounds are removed, allowing the application of
traditional foreground removal techniques on the beam asymmetry-
cleaned maps. Thirdly, the cleaned maps can subsequently be used
for other science applications beyond the power spectrum such
as CMB lensing, non-Gaussianity studies and foreground science.
Note error propagation from uncertainty in the beam shape may be
more complicated. We propose that an experiment should Monte-
Carlo over uncertainties in the beam to be able to fully understand
the errors on the map and therefore the science.
The map-making algorithm requires a scan strategy to cross
a pixel at multiple orientations. If this is not the case, the matrix
Hkk′ , defined in equation (41), is not invertible. In such cases,
the map-making method cannot be applied (although the pseudo-
Cℓ approach could still be used). We note that, as an alternative
to a highly redundant scan strategy, the required polarisation an-
gle coverage could also be provided through the use of an ap-
propriately positioned HWP, as is the case in the LSPE experi-
ment (The LSPE collaboration et al. 2012).
In Section 8 we showed that we could use the map-making
algorithm to correctly recover an input temperature power spec-
trum free of asymmetry bias for the same simulated satellite-like
experiment as was used to test the pseudo-Cℓ technique. In do-
ing this we found that the noise level in the recovered power spec-
trum increased by ∼20% compared to that recovered from a sim-
ply binned map. We also demonstrated that we could successfully
correct the temperature and polarisation signal for the effects of
beam asymmetry at the map level. To demonstrate this, we simu-
lated a satellite-like experiment free of noise and we computed the
temperature and polarisation maps using the algorithm described in
Section 5. For the case of kmax=4 we showed that the residual er-
ror between the resulting estimated temperature map and the input
temperature map smoothed with the axisymmetric component of
the beam was comparable to the numerical error in the convolution
code. Finally, we have also demonstrated that this method could be
very powerful for correcting for temperature to polarization leak-
age due to beam asymmetries. This ability, which is demonstrated
in Fig. 9, could prove extremely useful for controlling systematics
due to beam asymmetries in future precision CMB B-mode polar-
ization experiments.
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APPENDIX A: RELATIONSHIP BETWEEN OUR PSEUDO-Cℓ AND THE STANDARD PSEUDO-Cℓ
Here we show that the pseudo-Cℓ expression derived in Section 3 reduces to a rewriting of the standard polarised pseudo-Cℓ presented
in Brown, Castro, & Taylor (2005), in the case where the beam is axisymmetric and where the experiment has both instrument-Q and
instrument-U detectors. We begin by looking at the coupling kernel,
Kℓ1ℓ2m1k1m2k2 ≡
∫
d3ωDℓ1m1k1(ω)D
ℓ2∗
m2k2
(ω)W (ω)n(ω). (A1)
(A2)
We use the weighting function n(ω) to apodise the hit map and apply a galactic mask. While, in general, it can be a function of θ, φ and ψ, in
practice, it is sufficient for it to be a function of just θ and φ. The function will be discretised. It should be chosen such that ∫ dψW (ω)n(θ, φ)
for a given pixel ranges from 0 to 1 and acts as the standard window function in the pseudo-Cℓ. The requirement that the experiment has both
an instrument-Q and -U detector means that for every orientation of the telescope ω we have 4 detections of the sky each at [θ, φ, ψ+ jπ/4],
where j=0,1,2,3. A consequence of this arrangement of detectors is that
∫
dψW (ω)eikψ = 0 for k = ±2,±4. (A3)
ThereforeKℓ1ℓ2m1k1m2k2=0 if k1−k2=±2,±4. We can now examine the Wigner decomposition of the time stream, in particular the k=0,±2
components, as these will contain information on the temperature and polarisation of the CMB. We also assume the beam to be axisymmetric
and have a zero cross polar response, so that bsℓk=0 for s 6=−k. We make this assumption in order to make the connection with the standard
pseudo-Cℓ approach. Applying these constraints to equation (18) we get,
T ℓ1∗m10 =
∑
ℓ2m2
b∗0ℓ20a0ℓ2m2K
ℓ1ℓ2
m10m20
(A4)
T ℓ1∗m1±2 =
∑
ℓ2m2
b∗∓2ℓ2±2a∓2ℓ2m2K
ℓ1ℓ2
m1±2m2±2
. (A5)
Using these expressions, we can show that E- and B-mode-like decompositions (equations 33 & 34) of the TOD in this experiment will be,
T ℓ1∗m1E =
∑
ℓ2m2
b∗−2ℓ22
(
aEℓ2m2K
+
ℓ1ℓ2m1m2
+ aBℓ2m2K
−
ℓ1ℓ2m1m2
)
T ℓ1∗m1B =
∑
ℓ2m2
b∗−2ℓ22
(
aBℓ2m2K
+
ℓ1ℓ2m1m2
− aEℓ2m2K
−
ℓ1ℓ2m1m2
)
, (A6)
where we have defined,
K+ℓ1ℓ2m1m2 ≡ −
1
2
(
Kℓ1ℓ2m12m22 +K
ℓ1ℓ2
m1−2m2−2
)
(A7)
K−ℓ1ℓ2m1m2 ≡
i
2
(
Kℓ1ℓ2m12m22 −K
ℓ1ℓ2
m1−2m2−2
)
. (A8)
Comparing the expressions of equation (A6) with equation (10) of Brown, Castro, & Taylor (2005) shows that the E- and B-mode-like
decompositions of the TOD defined in equations (33) & (34) have a similar form to the E- and B-mode decompositions of a polarisation
map used in the standard pseudo-Cℓ technique. They are similar in the sense that they are both the sky polarisation smoothed with the beam,
and then convolved with a window function. They differ only in normalisation factors. As the decompositions are similar, the pseudo-Cℓ
constructed from them will also be similar.
APPENDIX B: PRODUCT OF TWO COUPLING KERNELS
We require the product of two coupling kernels. In order to calculate this, we start from the definition the Kernel
Kℓ1ℓ2m1k1m2k2 ≡
∫
d3ωDℓ1m1k1(ω)D
ℓ2∗
m2k2
(ω)W (ω)n(ω) (B1)
=
∑
ℓ3m3k3
wℓ3m3k3
∫
d3ωDℓ1m1k1(ω)D
ℓ2∗
m2k2
(ω)Dℓ3m3k3(ω) (B2)
= 8π2(−1)m2+k2
∑
ℓ3m3k3
wℓ3m3k3
(
ℓ1 ℓ2 ℓ3
m1 −m2 m3
)(
ℓ1 ℓ2 ℓ3
k1 −k2 k3
)
, (B3)
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where the second equality comes from an identity found in Varshalovich et al. (1988). We can now evaluate the product summed over certain
indices m1, and m2
M ℓ1ℓ2
k1k
′
1
k2k3
≡
∑
m1m2
Kℓ1ℓ2m1k1m2k2K
ℓ1ℓ2∗
m1k
′
1
m2k3
(B4)
= 64π4(−1)k2+k3
∑
m1m2
ℓ4m4k4
ℓ5m5k5
wℓ4m4k4w
ℓ5∗
m5k5
(
ℓ1 ℓ2 ℓ4
m1 −m2 m4
)(
ℓ1 ℓ2 ℓ4
k1 −k2 k4
)
×
(
ℓ1 ℓ2 ℓ5
m1 −m2 m5
)(
ℓ1 ℓ2 ℓ5
k′1 −k3 k5
)
. (B5)
The Wigner 3j orthogonality relation is
∑
m1m2
(
ℓ1 ℓ2 ℓ4
m1 m2 m4
)(
ℓ1 ℓ2 ℓ5
m1 m2 m5
)
=
1
2ℓ4 + 1
δℓ4,ℓ5δm4,m5 , (B6)
which enables the sum over m1 and m2 to be performed and evaluating the Kronecker δ gives
M ℓ1ℓ2
k1k
′
1
k2k3
= 64π4(−1)k2+k3
∑
ℓ4m4k4k5
wℓ4m4k4w
ℓ4∗
m4k5
1
2ℓ4 + 1
(
ℓ1 ℓ2 ℓ4
k1 −k2 k4
)(
ℓ1 ℓ2 ℓ4
k′1 −k3 k5
)
. (B7)
We can simplify this further by defining the window correlation matrix Wℓk1,k2 ≡
∑
m
wℓmk1w
ℓ∗
mk2
. Also we can use the selection rule in
the 3j symbols that states that the sum of the bottom row must be equal to zero for the symbol to be non-zero. This gives us
M ℓ1ℓ2
k1k
′
1
k2k3
= 64π4(−1)k2+k3
∑
ℓ4k4k5
Wℓ4k4,k5
1
2ℓ4 + 1
(
ℓ1 ℓ2 ℓ4
k1 −k2 k4
)(
ℓ1 ℓ2 ℓ4
k′1 −k3 k5
)
δk4,k2−k1δk5,k3−k′1
= 64π4(−1)k2+k3
∑
l4
Wℓ4
k2−k1,k3−k
′
1
1
2ℓ4 + 1
(
ℓ1 ℓ2 ℓ4
k1 −k2 k2 − k1
)(
ℓ1 ℓ2 ℓ4
k′1 −k3 k3 − k
′
1
)
. (B8)
APPENDIX C: SYMMETRIES IN M ℓ1ℓ2
k1k
′
1
k2k3
The symmetries in the matrix M ℓ1ℓ2
k1k
′
1
k2k3
are important to reduce the computation time. First we look at swapping the indices k2 and k3
along with k1 and k′1:
M ℓ1ℓ2
k′
1
k1k3k2
= 64π4(−1)k2+k3
∑
ℓ4
Wℓ4
k3−k
′
1
,k2−k1
1
2ℓ4 + 1
(
ℓ1 ℓ2 ℓ4
k′1 −k3 k3 − k
′
1
)(
ℓ1 ℓ2 ℓ4
k1 −k2 k2 − k1
)
= 64π4(−1)k2+k3
∑
ℓ4
Wℓ4∗
k2−k1,k3−k
′
1
1
2ℓ4 + 1
(
l1 l2 l4
k1 −k2 k2 − k1
)(
ℓ1 ℓ2 ℓ4
k1 −k3 k3 − k
′
1
)
=M ℓ1ℓ2∗
k1k
′
1
k2k3
, (C1)
where we have used the definition of window correlation matrix to say that Wℓk2,k1 = W
ℓ∗
k1,k2
. Now we look at the reversing the sign of all
ki. This implies that
Wℓ−k1,−k2 =
∑
m
wℓm−k1w
ℓ∗
m−k2
=
∑
m
(−1)m+k1wℓ∗−mk1(−1)
m+k1wℓ−mk2
= (−1)k1+k2Wℓ∗k1,k2 . (C2)
Now we can show symmetry in the matrix M is given by
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M ℓ1ℓ2
−k1−k
′
1
−k2−k3
= 64π2(−1)k2+k3
∑
ℓ4
Wℓ4
−k2+k1,−k3+k
′
1
1
2ℓ4 + 1
(
ℓ1 ℓ2 ℓ4
−k1 +k2 −k2 + k1
)(
ℓ1 ℓ2 ℓ4
−k′1 +k3 −k3 + k
′
1
)
= 64π4(−1)k2+k3
∑
ℓ4
(−1)k2−k1+k3−k
′
1Wℓ4∗
k2−k1,k3−k
′
1
1
2ℓ4 + 1
(
ℓ1 ℓ2 ℓ4
k1 −k2 k2 − k1
)(
ℓ1 ℓ2 ℓ4
k′1 −k3 k3 − k
′
1
)
= (−1)k2−k1+k3−k
′
1M ℓ1ℓ2∗
k1k
′
1
k2k3
, (C3)
where in the second equality we have used the relation
(
ℓ1 ℓ2 ℓ3
m1 m2 m3
)(
ℓ1 ℓ2 ℓ3
m′1 m
′
2 m
′
3
)
=
(
ℓ1 ℓ2 ℓ3
−m1 −m2 −m3
)(
ℓ1 ℓ2 ℓ3
−m′1 −m
′
2 −m
′
3
)
. (C4)
APPENDIX D: EXPLICIT FORM OF THE COUPLING OPERATOR
In section 3.3 we use the coupling operator Oi1i2 . Here we explicitly write it in terms of the sub operators O
k1k
′
1
s1s2
ℓ1ℓ2
Oij =


O0000ℓ1ℓ2 O
0002
ℓ1ℓ2
O000−2ℓ1ℓ2 O
0022
ℓ1ℓ2
O002−2ℓ1ℓ2 O
00−2−2
ℓ1ℓ2
O0200ℓ1ℓ2 O
0202
ℓ1ℓ2
O020−2ℓ1ℓ2 O
0222
ℓ1ℓ2
O022−2ℓ1ℓ2 O
00−2−2
ℓ1ℓ2
O0−200ℓ1ℓ2 O
0−202
ℓ1ℓ2
O0−20−2ℓ1ℓ2 O
0−222
ℓ1ℓ2
O0−22−2ℓ1ℓ2 O
0−2−2−2
ℓ1ℓ2
O2200ℓ1ℓ2 O
2202
ℓ1ℓ2
O220−2ℓ1ℓ2 O
2222
ℓ1ℓ2
O222−2ℓ1ℓ2 O
22−2−2
ℓ1ℓ2
O2−200ℓ1ℓ2 O
2−202
ℓ1ℓ2
O2−20−2ℓ1ℓ2 O
2−222
ℓ1ℓ2
O2−22−2ℓ1ℓ2 O
2−2−2−2
ℓ1ℓ2
O−2−200ℓ1ℓ2 O
−2−202
ℓ1ℓ2
O−2−20−2ℓ1ℓ2 O
−2−222
ℓ1ℓ2
O−2−22−2ℓ1ℓ2 O
−2−2−2−2
ℓ1ℓ2


.
APPENDIX E: RELATIONS BETWEEN CSS′ℓ AND CXYℓ
The following matrix operation allows conversion from Css
′
ℓ to C
XY
ℓ ,


CTTℓ
CTEℓ
CTBℓ
CEEℓ
CEBℓ
CBBℓ


=


1 0 0 0 0 0 0
0 −1/2 −1/2 0 0 0 0
0 i/2 −i/2 0 0 0 0
0 0 0 1/4 1/4 1/4 1/4
0 0 0 −i/4 i/4 −i/4 i/4
0 0 0 −1/4 −1/4 1/4 1/4




C00ℓ
C02ℓ
C0−2ℓ
C22ℓ
C2−2ℓ
C−22ℓ
C−2−2ℓ


. (E1)
The matrix is not square, this does not imply that there is more information in the right than the left. There are the same number of degrees
of freedom on both sides this is because C2−2ℓ =C
−22
ℓ .
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